It was recently shown that vapor-liquid coexistence densities derived from Mie and Yukawa models collapse to define a single master curve when represented against the difference between the reduced second virial coefficient at the corresponding temperature and that at the critical point. In this work we further test this proposal for another generalization of the Lennard-Jones pair potential. This is carried out for vapor-liquid coexistence densities, surface tension, and vapor pressure, along a temperature window set below the critical point. For this purpose we perform molecular dynamics simulations by varying the potential softness parameter to produce from very short to intermediate attractive ranges. We observed all properties to collapse and yield master curves. Moreover, the vapor-liquid curve is found to share the exact shape of the Mie and attractive Yukawa. Furthermore, the surface tension and the logarithm of the vapor pressure are linear functions of this difference of reduced second virial coefficients.
I. INTRODUCTION
Leaving aside conformal pair potentials (those which are invariant by rescaling distance and energy and for which the corresponding states law is strictly valid [1] ), the classic van der Waals framework works relatively well for defining master curves for thermodynamic properties derived from pair potential shapes of variable attractive range [2] [3] [4] [5] [6] [7] [8] [9] [10] and real systems [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . This quasiuniversality, together with the Lindemann melting criterion [22] , the so-called excess-entropy scaling of liquid's relaxation times and diffusion coefficients [23] , among other approximate corresponding states features [24] [25] [26] , has lead to discover that many liquids and solids have an approximate hidden scale invariance, implying the existence of isomorph lines in the thermodynamic phase diagram along which reduced structure and dynamic properties are invariant to a good approximation [27, 28] . In other words, the phase diagram becomes one-dimensional with regard to several physical properties.
In line with this scale invariance, quite recently we have observed that a slight modification of the extended law of corresponding states [29] is capable of improving the output of the van der Waals framework for the Mie and attractive Yukawa expressions (which are nonconformal potential functions) [30] . Results have shown that this proposal not only improve the Mie and Yukawa data collapse but the obtained master curves were indistinguishable.
Hence the following questions naturally raise: Is this framework general, leading always to data collapses for spherically symmetric potentials? Are the Mie and Yukawa the only functional shapes sharing a master curve for the vapor-liquid coexistence? Are the vaporliquid coexistence densities the only properties showing this general behavior? This work can be seen as an effort to answer, at least partially, these questions.
The extended law of corresponding states [29] was derived as an attempt to generalize the classic van der Waals principle [1, 31] to non-conformal potentials, in particular for pair potentials of variable attractive range. This, in view that the nature of colloidal interactions show such character [32] . For this purpose, Noro and Frenkel suggested including the reduced second virial coefficient, B * 2 , as an additional independent variable which is clearly linked to the attractive range [29] . This is justified since the value of B * 2 at the critical point is frequently close to −1.5 for several non-conformal potentials [33] . Nonetheless, small deviations from this particular value have an undesirable impact on the definition of master curves for all properties. Hence, we proposed B 2s = B * 2 (T * ) − B * 2 (T * c ) as the additional independent variable instead (being T * c the dimensionless critical temperature) [30] . In this work we are testing the performance of this framework for another continuous non-conformal potential shape. This is the so-called Approximate Non-Conformal (ANC) potential [34] , which can be seen as a generalization of the Lennard-Jones model or even a generalization of a spherically symmetric Kihara [35] . The ANC expression provides a family of potential functions that accurately give the dilute vapor phase properties of several real substances [36] [37] [38] . The potential allows the tuning of its (and attractive range) by varying a single parameter, s. It has also the advantage of showing an analytical second virial coefficient [39] . Its spherical symmetry and non-conformal character make it appropriate for our purpose. Hence, we perform molecular dynamics simulations (using the Gromacs package [40, 41] ) to obtain vapor-liquid coexistence densities, surface tension, and vapor pressure for this particular functional shape. These data allow us to build master curves for the three properties as tentative universal forms. In fact, we corroborate the shape obtained in previous work for the vapor-liquid densities [30] . It is also shown that this slight modification of the Noro and Frenkel extended law of corresponding states [29] is capable of producing striking data collapses of several properties when varying the potential range, and leads to really simple relationships between several properties and B 2s . Capturing a universal behavior (independence of the properties on the details and range of the pairpotential function) is important in the soft matter field since colloidal interactions strongly depend on the composition of both phases, continuous and dispersed [32] .
The manuscript is structured as follows. After this brief introduction we present in section II the model potential and the methods employed for obtaining the vapor-liquid coexistence densities, vapor pressure, surface tension, and critical properties. Section III shows the raw results and the outcomes from both, the classic van der Waals and the extended frameworks.
Here we give simple expressions for the vapor pressure and the surface tension master curves.
Finally, section IV presents the more relevant conclusions.
II. MODEL AND METHOD
In reduced units (u * = u/ε, being ε the potential well depth) the ANC pair potential is given by [42] where a = 0.09574 is a constant, r * is the dimensionless distance r * ≡ r/r m , r m is the distance at which the potential reaches its minimum,
, and s is the so called softness parameter. For s = 1, equation 1 produces a spherically symmetric Kihara with hard-core diameter a. On the other hand, for the fixed value of a, s = 1.13 approaches the Lennard-Jones interaction [34, 37] (the ANC leads to the exact Lennard-Jones interaction for a = 0 and s = 1). The effect of s on the shape of the potential is shown in figure 1 . Note that expression 1 works properly for inter-particle
, being for all cases u * (r * s ) a very large positive value (the value of u * (r * ) for r * < r * s is indeed irrelevant). Along the manuscript we are using ρ * = ρr 3 m as unit of density (being ρ the number density), T * = k B T /ε (being k B the Boltzmann constant), γ * = γr 2 m /ε, P * = P r 3 m /ε, and t * = t ε/mr 2 m (m is the particle mass). This potential is tabulated to be used as input for the Gromacs molecular dynamics package [40, 41] . We are performing NV T replica exchange simulations expanding the ensemble in temperature [43, 44] . The velocity rescale algorithm is employed as thermostat [45] . The phase [46] . We employed these two box sizes due to a twofold purpose, to safely increase the cutoff as demanded by the above given conditions, and to decrease the overall box density (the critical density diminishes with s). Initially, we randomly place N = 1200 particles inside the central slab and let the system relax. Periodic boundary conditions are set for the three orthogonal directions. The trajectories expand a total time of t * = 2 × 10 4 . Eight replicas are considered for each value of s and different temperatures. Temperatures are fixed following a geometrical decreasing trend, such that the highest temperature is close to (but below) the critical point. The geometrical factor is chosen to obtain swap acceptance rates above 0.1.
The trajectories are then analyzed by means of a simple home made program code which produces the density profiles (fixing the system center of mass at the parallelepiped geometrical center) and discards the first steps where energy has not reached a clear plateau.
The output is shown in figure 2 The pressure tensor is obtained from the virial expression [47] . In turn, the surface tension can be found by means of
where P ii (i = x, y, z) are the diagonal components. The factor 2 is due to the existence of two interfaces. Our output is identical to the one obtained from the Gromacs tools (g energy) once the factor of 2 is accounted for. The vapor pressure, P , is taken as the normal to the interfaces, P zz .
In previous work we have defined B *
u ′ * (r * ) = u * (r * ) + 1 for r * < 1 and u ′ (r * ) = 0 otherwise [48, 49] . Note that 2πσ * 3
is the second virial coefficient of hard spheres with a hard core diameter of σ * ef f . There, we have employed cst. = −1.5 to gain consistency with previous works. Now we are setting cst. = 0 to gain simplicity of the expressions. Furthermore, the difference between the reduced second virial coefficient at T * and T * c would be our measure of the attractive range. This way, the fitted expressions for the liquid and vapor branches of the coexistence are given by
and
with b = 75.1 and c = 3.71, respectively. These expressions were obtained by means of a trial and error procedure and correspond to both, the Mie and Yukawa potentials.
III. RESULTS
As explained, from the fully developed liquid and vapor bulk phases we obtain coexistence densities. These are presented in figure 3 the vapor phase). Note also that the temperature window is strongly reduced for the strong short range cases. This is done on purpose to avoid the formation of a crystal phase (a short range potential combined with a monodisperse central-core enhance crystallization). Also, the small temperatures lead to long lived bonds which yield a slow system dynamics. Both issues make it difficult to obtain coexistence vapor-liquid curves for strong short range interactions. The data are in good agreement with the Gibbs ensemble Monte Carlo simulations reported in reference [37] . The s range in their study is 0.6 ≤ s ≤ 1.2. For s = 0.5 our data are in good agreement with those reported in reference [34] . To the best of our knowledge, there are no vapor-liquid coexistence data reported in the literature for s < 0.5.
Dimensionless surface tension data are shown in figure 3 b) . Different symbols are used for different values of s, in correspondence with panel a). The arrow points along the increasing s direction. As expected, the values increase with decreasing temperature and tend to zero as approaching the critical temperature. Also, curves shift to the right with increasing s, in correspondence to the vapor-liquid coexistence densities. Data for s = 0.5 agree well with those given in reference [34] . For s > 0.5 our data are well above theirs, most probably due to the use of an insufficiently large cutoff, as the authors explain in reference [37] . Indeed, the differences between our data and those reported in reference [34] increase with increasing s confirming this claim. Hence, our surface tension data for s > 0.5 can be considered as the first clean ones given in the literature. In addition, the surface tension for the region 0.2 ≤ s ≤ 0.4 is technically difficult to access. Hence, and as for the coexistence, there are no previously reported surface tension data for this region.
The monotonic and practically linear trend of the critical temperature with s is shown in figure 4 b ). Values agree with previously reported data [37] in the interval 0.6 ≤ s ≤ 1.0.
Also, the critical vapor pressure shows a linear behavior with s, figure 4 c). Here the general trend agrees with the trend observed by del Río et. al [37] . Our values are, however, somewhat smaller than theirs. As expected, both properties increase with the potential range. Conversely, the critical density shows a more complex behavior, as it is shown in the main panel of figure 4 . It probably shows a minimum close to s = 0.9, or simply shift from a clear decay for s ≤ 0.6 to a plateau at the interval 0.8 ≤ s ≤ 1.0. The uncertainty of the data does not allow us to discern one scenario from the other. Nonetheless, our data show a better defined trend than those reported elsewhere [34, 37] . We get a plateau for the critical compressibility, Z * c = P * c /(T * c ρ c ), for s > 0.4 and a probable slight decrease for s < 0.4 (see table I ). Again, the uncertainty of the data hinders the trend which seems to be in line with the one reported in ref. [37] . we are comparing the outputs from the van der Waals principle to those of the extended framework with B * 2s . We are omitting plots against B * 2 due to the B * 2 (T * c ) dependence on s. Figure 5 shows the results of applying the van der Waals (left panel) and extended (right panel) frameworks to the vapor-liquid coexistence. Reduced properties are given by T r = T * /T * c and ρ r = ρ * /ρ * c . It is observed how the relatively good data collapse on the left panel is improved on the right one. This was already pointed out for the Mie and Yukawa potentials [30] . Moreover, we are including the master curve obtained from these potentials as a light (cyan) line which, as can be seen, can be considered a fit to these new data. So, Mie, Yukawa, and ANC lead to the same coexistence density master curve, which imply a correspondence between their attractive ranges irrespective of their different shape. This result is encouraging since, letting aside the square-well potential case [30] , expressions 5 and 6 seem general. Nonetheless, further testing is needed.
We now focus our attention on how the corresponding states frameworks behave when dealing with properties such as the surface tension and vapor pressure. The left panel of figure 6 shows a γ r − T r chart with γ r = γ * /(ρ * Finally, we show the logarithm of the reduced vapor pressure, ln P r = ln (P * /P * c ), as a function of 1/T r in figure 7 a) and as a function of B * 2s in figure 7 b) . Well defined straight lines are defined in the left panel. Their slopes (absolute value), however, decrease monotonically with increasing s for all the studied interval. So, a master curve cannot be defined. This picture changes when considering the extended framework where a single curve appears. Furthermore, the curve turns linear when directly plotted against B * 2s . The fitted expression, shown as a light line, reads ln P r = 1.84B * 2s . All data lie on this curve when taking into account their corresponding error bars (not shown to gain clarity). 
IV. CONCLUSIONS
We have reported the vapor-liquid coexistence density, vapor pressure, and surface tension The van der Waals and extended law frameworks were applied to the obtained data. This was carried out for vapor-liquid coexistence densities, surface tension, and vapor pressure.
For all cases, a much better data collapse is observed when using B * 2s as an independent variable instead of the reduced temperature. Furthermore, the obtained coexistence density master curve is practically the same we have found for the Mie and the Yukawa potentials.
Finally, the master curves found for surface tension and vapor pressure are strikingly simple and tentatively universal. In view of the presented results, we expect the master curves for these properties to hold for the Mie and Yukawa potential. We also expect other spherically symmetric pair potentials to behave in line with the ANC, Mie, and Yukawa fluids. This would imply a correspondence between their attractive ranges irrespective of their different shape. 
